Annotated Examples 3

Generic example with

module basis size different from
the number of fractions needed to describe it over the input ring

I generated a few “generic” examples to test various implementations, in-
cluding my own. This was made up to have a non-trivial integral closure, since
(y? —y)/x? is clearly in it, with implicit weight less than that of y. It also rated
to have few, if any, coefficients to reconstruct over the rationals, and should
have been small enough to be easy for all implementations in any characteristic.

(y? —y)3 —yzt(y? —y) — ' = 0 defines a type I affine domain, an extension
of Flx]:

Fly;2]/((y* — y)* - ya' (y® —y) —2")
with weight(y) = 11 and weight(z) = 6.

The gth-power algorithm in characteristic 0 would compute results for Fs,

F5 and F7, piecing them together to get results for Q and F, for most primes

p.

Loading file "qchar051009.mag"
Loading "closure_func040909.mag"
111111111111311111311111111111311111311111311111111111111111111
q= 3
Delta= P.2711
WT_MATRIX_T= [

[ 20, 15, 13, 11, 10, 6 1]
]
time for gq= 3 is 0.050 seconds
modulus= 3
11111111111111111211111111111111111111111111111111111111111
q= 5
Delta= P.2711
WT_MATRIX_T= [

[ 20, 15, 13, 11, 10, 6 ]

]

time for q= 5 is 0.090 seconds

modulus= 15

I
f_1174%f_673 + f_11"3*%f_6"3 + f_11"2*f_6"3,
£f_117°3*%f_674 + £_117"2%f_674 + f_11xf_674,
£_11°5 - f_1172xf_674 + f_11xf_674 - £_1172,
f_11x£_677,
f_1172+%f_675 - £_11xf_675,
£_678,
£_6°7

]



111111122111212111122114212111231142121111331111311113111111111111111
Q=7
Delta= P.2711
WT_MATRIX_T= [
[ 20, 15, 13, 11, 10, 6 ]
]
time for g= 7 is 0.110 seconds
modulus= 105
[
f_1174xf_673 - 2*%f_11"3xf_6"3 + f_11"2%f_673,
f_117°3%xf_674 - 2*xf_11"2xf_674 + f_11xf_674,
£ 1175 - £_1172%f_674 - 3*xf_11"4 + f_11%xf_674 + 3xf_11"3 - £_1172,

f_11%f_677,
f_1172%xf_675 - f_11xf_675,
f_678,
f_6°7
]
1 £_1174xf_673 - 2xf_11"3*%f_6"3 + f_11"2%f_6"3
2 £_1173%xf_674 - 2*xf_11"2xf_674 + f_11xf_674
3 £_11°5 - f_1172%xf_674 - 3xf_11"4 + f_11%xf_674 + 3xf_11"3 - £_11"2
4 £ _11%xf_677
5 f_1172xf_675 - f_11%xf_675
6 £_678
7 £_6°7

newrelations= [
£f_10"2 - £_20,
f 1172 - £_10xf_6"2 - f£_11,
f_11%f_10 - £_15xf_6 - £_10,
f_1372 + £_20%f_6 - f_11xf_6 - f_15 + f£_6,
f_13xf_11 + £_674,
f_13xf_10 + f_11xf_672 - £_672,
f 1572 + £ _6°5 - f_16*%f_6 + f_13*f_6,
f_15%f_13 + £_10xf_6"3 - f_11xf_6 + f£_6,
f_165xf_11 - £_20*f_6,
f_15%xf_10 - f_13xf_6"2 - f_10%*f_6,
£ 2072 + £_10xf_6"5 - £_13*xf_6"3 - f_10*xf_6"2 - f£_20,
f_20xf_15 + f_11xf_674 - £_20xf_6 - f_674,
f_20xf_13 + f_15*%f_6"3,
f_20%f_11 - £_13+%f_6"3 - £_10*xf_6"2 - £_20,
f_20%xf_10 + £_6°5 - f_15xf_6 - f_10

]

totaltime= 0.280 seconds



In SINGULAR 3-1-0, unweighted,

> LIB "normal.lib";

> ring r3=3, (y,x),dp;

> ideal i3=(y~2-y) "3-y*x"4*x(y~2-y)-x"11;
> list nor3=normalP(i3,"withring");

> nor3;

[(11:[1]:

// characteristic : 3
// number of vars : 5

// block 1 : ordering dp

// : names T(1) T(2) T4
// block 2 : ordering dp

// : names y x

// block 3 : ordering C

(21:[1]:

_[1]1=y3x2-y2x2

_[2]=y4x+y3x+y2x

_[3]1=y5+y4+y3

_[4]=x8

_[5]=yx4
[3]1:[1]:16 [2]: 16
> def R3=nor3[1][1];
> setring R3;
> normap;
normap[1]=y
normap [2]=x
> norid;
norid [11=T(1)*y-T(1)-T(2)*x
norid [2]1=T(1)*x"2-y~2+y
norid[3]=T(1) "2xy-T(1) "2-T(4)*x"3-y " 2+y
norid[4]=T(2) "2-T(1)*y+T (1) -T(4) *y*x+T (4) *x
norid [5]=T(2)*T (4) -y~ 2*x-y*x-Xx
norid[6]=T(1) "2+T(4)-y 3~y 2-y
norid[7]1=T(4) "2-T(2) *y+T (2)+T(4) *y~2-T (4) xy-y*x"4+x"4+y*x—-X
norid [8]=T(1) "2xx-T(2)*y
norid[9]=T(4)*y-x"4
norid [10]=T(1)*T(2)-T(1)*x-T(4)*x"2
norid[11]=T(1) "3-T(1)*y-T(4) *y*x
norid[12]1=T(1) "2*T(2)-T(2) *y+T (4) *y-y*x~4
norid[13]=T(1) "4-T(1) "2*y-y~2*x"3+y*x"3
norid [14]=T(1)*T(4)-y*x"2+x"2
norid[15]=x"11+y " 3%x"4-y " 6-y " 2*x"4+y~3

> ring r5=5, (y,x),dp;
> ideal ib=(y~2-y) "3-y*x"4*(y~2-y)-x"11;



> list norb5=normalP(i5,"withring");
> norb;

[11:[1]:

//  characteristic : 5

// number of vars : 5

// block 1 : ordering dp

// : names T(1) T(2) T(3)
// block 2 : ordering dp

!/ : names y x

// block 3 : ordering C

[2]:[1]:

_[1]=y4x-2y3x+y2x
_[2]=y5+2y4-2y3-y2
_[3]1=yx7-x7
_[4]1=x10
_[5]=y2x3-yx3
[31:[1]:16 [2]: 16
> def R5=nor5[1][1];
> setring R5;
> normap;
normap[1]=y
normap [2]=x
> norid;
norid [1]=T(1)*y-T(1)-T(2)*x
norid [2]=T(1)*x"2-y 2+y
norid[3]=T(1) "2%y-T(1) "2-T(3)*x"3-y 2+y
norid[4]=T(2) "2-T (1) *y+T (1) -T(3) *y*x+T(3)*x
norid [6]=T(2)*T(3) -y~ 2*x+2*y*x-x
norid [6]=T(3) "2-T(2) *xy+T(2) +y*x-x
norid [7]=T(1) "2+T(3)-T(3)*y+x"4-y 3+2xy 2-y
norid[8]=T (1) "4-2+T (1) "2%y+T (1) "2+T (1) *x" 24T (3) *x"3-y 2%x"3+y*x"3
norid[9]=T(1) "2*x-T(2)*y
norid[10]=T(3) *y-x"4
norid [111=T(1)*T(2)-T(1)*x-T(3)*x"2
norid [12]=T(1)*T(3)-y*x"2+x"2
norid [13]=T(1) "3-T(1)*y-T(3) *y*x
norid[14]=T(1) "2*T(2)-T(2) *y-y*x"4+x"4
norid [15]=x"11+y"3%x"4-y"6-y" 2%x"4-2%y " 5+2%y 4+y"3

> ring r7=7,(y,x),dp;

> ideal i7=(y"2-y) 3-y*x"4*(y~2-y)-x"11;
> list nor7=normalP(i7,"withring");

> nor7;

[11: [1]:

//  characteristic : 7

// number of vars : 5



// block 1 : ordering dp

// : names T(1) T(2) T(3)
// block 2 : ordering dp

// : names y x

// block 3 : ordering C

[21: [1]1:

_[1]=y4x-2y3x+y2x

_[2]1=y5-3y4+3y3-y2

_[3]=yx7-x7

_[4]1=x10

_[51=y2x3-yx3
[3]1: [1]: 16 [2]: 16
> def R7=nor7[1][1];
> setring R7;
> normap;
normap[1]=y
normap [2]=x
> norid;
norid [1]=T(1)*y-T(1)-T(2)*x
norid[2]=T(1)*x"2-y 2+y
norid[3]=T(1) "2xy-T(1)"2-T(3)*x"3-y 2+y
norid[4]1=T(2) "2-T (1) *y+T (1) -T(3) *y*x+T (3) *x
norid [6]=T(2)*T(3) -y~ 2*x+2*y*x-x
norid[6]=T(3) "2-T(2)*y+T(2) +y*x-x
norid [7]=T(1) "24T(3)-T(3)*y+x"4-y~3+2xy~2-y
norid [8]=T (1) ~2xx-T(2)*y
norid[9]=T(3)*y-x"4
norid[10]=T(1)*T(2)-T(1)*x-T(3)*x"2
norid[11]1=T(1)*T(3) -y*x"2+x"2
norid[12]=T(1) "3-T (1) *y-T(3) *xy*x
norid[13]=T(1) "2*T(2)-T(2) *y-y*x"4+x"4
norid [141=T (1) ~4-T (1) “2ky-y~2x"3+y*x"3
norid [15]=x"11+y"3%x"4-y"6-y"2%x"4+3%y"5-3%y 4+y"3

Note that the presentations are almost the same, though the fractions may
not be. Compare this to char 0:

> ring r0=0, (y,x),dp;

> ideal i0=(y~2-y) "3-y*x"4*(y~2-y)-x"11;
> list norO=normal(iO);

> norO0;

[11: [1]:

//  characteristic : 0

//  number of vars : 7

// block 1 : ordering dp
// : names T(1) T(2) T(3) T(4) T(5)
// block 2 : ordering dp



// : names y x

// block 3 : ordering C

[2]: [1]:
_[11=3yx10+3x10+3y4x3-2y3x3-y2x3
_[2]1=3y4x4-2x8-3y3x4-3y2x4+3yx4
_[3]1=3yx9+3x9+3y4x2-2y3x2-y2x2
_[4]1=3y2x8-3x8+2yx5-2y4x+4y3x-2y2x
_[5]1=9y3x7-9yx7+6y2x4-4yx4+6y4-12y3+6y2
_[6]1=3y5-2yx4-3y4-3y3+3y2

> def RO=norO[1][1];

> setring RO;

> normap;

normap[1]=y

normap [2]=x

> norid;

norid[1]=-T(1)+T(3)*x

norid [2]=3*T (4) xy-T(5) *x+2*x

norid[3]=-T(3)*y+T(3)+T(4) *x+x"2

norid[4]=-T(1)*x+y~2-y

norid [5]=3*T(2)*x~3-T(5) *y+T(5) +2*y-2

norid [6]=-T (1) *y*x+T (1) *x+T (2) *y+T (4) *x"3

norid [7]=-9%T (1) *x~3+9*T (3) *xy~3-12%T (3) *y~2+T (3) *y+2*T(3)

+2*T (4) *x—-3*T (5) *y*x"2+T(5) *x"2
norid [8]=-3*T (1) *y~2xx+3xT (1) xy*x+3+T (2) xy~2-2*T (2) *y+T(5) *x~4
norid [9]=9*T (1) *x~4-9*T (1) *y~3+12+T (1) *y~2-T (1) *y-2*T (1)
-2*T (4) *x"2+3*T(5) *y*x~3-T(5) *x~3

norid[10]=T(1)*x"5-T(2) *y~3+T(2) *y~2

norid[11]1=T(1) "2-T(3)*y " 2+T(3)+T (4) *x+x"2

norid [12]=T(1)*T(2)-y*x"3+x"3

norid[13]=T(2) "2-T(4) *y+T(4)

norid[14]1=T(1)*T(3)-T(4)*y-y*x

norid[15]=T(2)*T(3)-y*x"2+x"2

norid[16]=T(3)"2-1/3*T(5)-y+2/3

norid [17]1=T(1)*T(4)-T(2)*x"3

norid [18]=T(2)*T(4)+T(2) *x~y " 2*x+2*y*x-X

norid [19]1=T(3)*T(4)-T(2)*x"2

norid[20]=T(4) "2+T(2)*x+T(3) *y-T(3)-x"5-x"2

norid[21]=T(1)*T(5)-2xT(3) *x-3*x"6

norid[22]=T(2) *T(5) -2xT (2) +3*x"4-3*%y " 3+6xy~2-3*y

norid[23]=T(3)*T(5)-2*T(3)-3*x"5

norid [24]=T(4)*T (5)+3T (2) xy+3+T (4) *y—2*T (4) -3*ky*x "4

norid[25]=T(5) "2+9*T(2) *x~3-T(5) -9*y " 2*x " 3+9*y*x~3-2

norid[26]=x"11+y " 3*x"4-y 6~y 2%x"4+3%y~5-3%y~4+y~3

This should have been the same for this example, but doesn’t even have the
same number of variables.



In positive characteristic the new weights are (10,15,13) with 20 suppressed.
In char 0, the new weights are (16,13,10,15,20) with T(1) = T'(3)a superfluous.
This is easily checked by the inspired code:

> intmat B[6][6]=

1, 1, 1, 1, 1,0,

1, 1, 1, 1, 0,0

1, 1, 1, 0, 0,0,

1, 1, 0, 0, 0,0
1, 0, 0, 0, 0,0,

20,15,13,11,10,6;

> ring ic0=0, (£20,f15,f13,f11,£10,£6) ,M(B);

> map phi=R0,f10*f6,f13,f10,£15,£20,f11,£6;

> ideal jO=std(phi(norid));jo;

jO[11=3*£10"2-£20-3*f11+2

jO[2]=f11*£f10-f15%f6-f10-£6"2

jO[3]=£13*£f10-f11*£6"2+£6"2

jO[4]=£15%£10-£13*£6"2

jO[51=£20%£10-2*f10-3*£6"5

jo[6]=f11"2-f11-£10*f6"2

jO[7]=£13+f11-f6"4

jO[8]=3*f15%f11-f20%f6+2%f6

jO[9]=£20%£11-£20-3*f13*£6"3-2*£11+2

jO[10]1=3*£13"2-£20*f6+3*f15+2%f6

jO[11]=f15%f13+f13%f6+f11%f6-f10%f6"3-f6

jO[12]=f20%f13-3*f15*f6"3-2%f13

jO[13]=f15"2+f15*f6+f13*f6-£6"5

JO[14]=£20*f15+£20%£6-2*%f15-3*f11*f6"4+3*£6"4-2%£6

jO[15]1=£20"2-£20+9*f13*£f6"3-9*f10*£6"5-2



Macaulay2 version 1.2
i10 : R=ZZ/3[y,x]
i1l : I=ideal((y~2-y) "3-y*x"4*(y~2-y)-x"11)
i12 : S=R/I
i13 : F=icFracP(S)

013 = {1, ---—-- , Tmmmmmooo- , mmmmmmm————s » )

i14 : P=presentation(integralClosure(S))

ol4d

| w_4x2-y2+y
w_4"3-w_4y-x5
w_Tx+w_4y-w_4
w_Ty+w_472x
w_9x+w_7"2
w_9y+w_4"2x+yx4-x4
w_9w_4-w_Tw_4+y2x2+yx2+x2
W_Ow_7-w_7"2-y3x+x
W_972-w_7"2-w_T-w_4"2yx-x8+y3x+y2x+x |

ZZ 1 77 9
ol4 : Matrix (—-[w , w , w , y, x]) <= (—[w ,w, w,y, x])
3 9 7 4 3 9 7 4

il : R=ZZ/3ly,x];
i2 : I=ideal((y~2-y) "3-y*x 4*(y~2-y)-x"11);
i3 : S=R/I;
i4 : time F=icFracP(8)
-— used 0.17 seconds

2 3 2 4 3 2 4
y "y ¥y *ty tyy ty *ty x
o4 = {1, —----—- , —mmmm————-- , TTmmmmomooos , ==}
2 3 4 y

X X X

i5 : time P=presentation(integralClosure(S))
-- used 0.53 seconds

ob

| w_(3,0)x2-y2+y

w_(3,0)"3-w_(3,0)y-x5



w_(5,0)x-w_(3,0)y+w_(3,0)
w_(5,0)y-w_(3,0)"2x

w_(6,0)x-w_(5,0)"2

w_(6,0)y-w_(3,0) "2x-yx4+x4
w_(6,0)w_(3,0)-w_(5,0)w_(3,0)-y2x2-yx2-x2
w_(6,0)w_(5,0)-w_(5,0) "2-y3x+x

w_(6,0)"2-w_(5,0)"2+w_(5,0)-w_(3,0) "2yx-x8+y3x+y2x+x |

The fractions have implicit weights (0,10,15,20,13), while the new variables
in the presentation have implicit weights (24,15,10). Clearly (?) either wg o — x4
or we o+x* has impicit weight 13, so while this seems to be technically correct,...

i6 : R=ZZ/5[y,x];
i7 : I=ideal((y~2-y) " 3-y*x"4x(y~2-y)-x"11);
i8 : S=R/I;
i9 : time F=icFracP(S)
-- used 2.87 seconds

o9={t, -—m————-—-———

-y X - 2yxx -2y x +X -y X -2y x + 2y x + 2y*x + 2y*x

i30 : time P=presentation(integralClosure(S))
-- used 0.53 seconds



030 = | w_(3,0)x2-y2+y
w_(3,0)"3-w_(3,0)y-x5
w_(5,0)x-w_(3,0)y+w_(3,0)
w_(5,0)y-w_(3,0)"2x
w_(6,0)x-w_(5,0)"2
w_(6,0)y-w_(3,0) "2x-yx4+x4
w_(6,0)w_(3,0)-w_(5,0)w_(3,0)-y2x2+2yx2-x2
w_(6,00w_(5,0)-w_(5,0) "2-y3x-2y2x+2yx+x

w_(6,0)"2-w_(5,0)"2+w_(5,0)+2w_(3,0) "2yx+2w_(3,0) "2x-x8-2y3x-y2x+2yx+x |

while also probably technically correct, gives fractions that are in desperate
need of reduction modulo the original ring. As one does this one notices that the
denominators may change from one reduction to the next, since Macaulay2 has
a strange idea (actually I believe no idea, though it is based on certain syzygy
computations) of what a canonical form of a rational function should be.

If one does reduce them, then one probably gets functions with implicit
weights (0,15,19,13,20), with the function of weight 10 recoverable as a combi-
nation of those of weights 19 and 13.

At least the old errors encountered by presentation(integralClosure(S)) are
no longer there.

MAGMA easily gives:

1

fi1

1/£67°2x£11°2+22/£672*f11

1/£673%£11°3+21/£673*xf11°2+1/£6"3%f11
1/£674%£1174+21/£674*£11"3+1/£6"4*£1172
1/£677x£11°5+20/£6°7*£1174+3/£6°7*£1173+(22+%£674+22) /6" 7*£11"°2+1/£f6"3*f11

DOV WN -

in characteristic 23, and

1

f11

1/£672+£1172-1/£6"2*f11

1/£673%£11°3-2/£6"3%f11°2+1/£6"3*%f11
1/£6°4x£11°4-2/f6"4xf11°3+1/f6"4*f11°2

1/£6°7x£11°5-3/f6 " T*£f11°4+3/f6"7T*f11"3+(-£6"4-1) /£6"7*xf11"2+1/f6"3*f11

OO WN -

10



over the rationals,
but as always, no “stand-alone” presentations.
MAGMA’s Normalisation function

t:=Cputime();

F:=Rationals();
P<y,x>:=PolynomialRing(F,2,"weight", [1,0,11,6]);
f:=(y~2-y) "3-y*x"4*(y~2-y)-x"11;

I:=ideal<P|f>;

N:=Normalisation(I);

J:=N[1][1]1;J;

"Normalisation time=",Cputime(t);

Basis:

[
-J.172x$.2 + J.372 - J.3,
-J.1xJ.5 + J.2xJ.3 - J.2,
-J.1%J.272 + J.3%J.5,
-J.173%xJ.4 - J.172%J.2 + J.272%J.3 - J.272,
-J.174 + J.3%J.4,
=J.172%xJ.4 - J.1%xJ.2 + J.2%J.5,
-J.1°5 - J.1xJ.5 + J.2°3 - J.2,
-J.172%J.3 + J.172 + J.2%J.4,
-J.1°6 + J.1xJ.4 - J.1xJ.5 + J.572,
-J.174%xJ.3 + J.174 - J.1%xJ.272 + J.272%]J.5,
-J.173%xJ.2 + J.1xJ.3 - J.1 + J.4%J.5,
-J.17°6%J.2 - J.173%J.4 - J.172%J.2 + J.27°4 - J.272,
-J.17°3%xJ.5 + J.272%J.4,
-J.1%J.272 + J.1xJ.3 - J.1 + J.4"2 + J.5

]

Normalisation time= 0.380

but the output of

G:=GroebnerBasis(J) ;G;
"total time=",Cputime(t);

is about 4000 line long, so omitted. An inspired choice of ordering

t:=Cputime();
F:=Rationals();
P<e,d,c,b,a>:=PolynomialRing(F,5,"grevlexw", [15,13,11,10,6]);

fl:=-a"2%xb + c"2 - c;

f2:=-axe + b*c - b;

f3:=-a*b”2 + cx*e;

f4:=-a"3*%d - a"2*%b + b"2%c - b"2;
f5:=-a"4 + cxd;

11



f6:=-a"2xd - axb + b*e;

f7:=-a"5 - a*e + b”3 - b;

£8:=-a"2%c + a"2 + bxd;

f9:=-a"b + a*d - a*e + e72;

f10:=—a"4*c + a"4 - a*b”2 + b~ 2x*e;
f11:=-a"3%b + a*c - a + dxe;

f12:=-a"bxb - a"3*d - a"2*%b + b"4 - b"2;
f13:=—a"3%e + b"2xd;

fl4:=-a*xb”2 + axc - a + d"2 + e;

I:=ideal<P|f1,f2,f3,f4,f5,f6,f7,£8,f9,f10,f11,f12,f13,f14>;
G:=GroebnerBasis(I) ;G;
Cputime(t);

gives an acceptable answer:

e”2 - a’b - exa + dxa,

b3 - a”5 - e*xa - b,

exd - b*¥a"3 + c*a - a,

d"2 - b™2%a + cxa + e - a,
exc - b"2*a,

exb - d*xa"2 - b*a,

dxc - a’4,

d*b - c*xa”2 + a"2,

c™2 - bxa"2 - c,

cxb - exa - b

0.010
though again missing b? of weight 20 from my algebra perspective.

normalP in SINGULAR 3-1-0 and the newer “withRing” and “noRed” op-
tions produced:

SINGULAR /
A Computer Algebra System for Polynomial Computations /  version 3-1-0
0<
by: G.-M. Greuel, G. Pfister, H. Schoenemann \ Mar 2009

FB Mathematik der Universitaet, D-67653 Kaiserslautern \
> LIB "/home/leonada/presolve.lib";
> LIB "/home/leonada/normal.lib";
> ring r=3,(y,x),wp(11,6);
> ideal i=(y~2-y) 3-y*x"4*(y~2-y)-x"11;
> list norp=normalP(i,"withRing","noRed");
> norp;
[1]:
[1]:
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// characteristic : 3
// number of vars : 6

// block 1 : ordering dp
// : names T(1) T(2) T(3) T(4)
// block 2 : ordering wp
// : names y x
// : weights 11 6
// block 3 : ordering C
[2]:
[1]:
_[11=y3x2-y2x2
_[2]=x8

_[3]=y4x+y3x+y2x

_[4]=y5+y4+y3

_[5]=yx4
[3]:

[1]:
16
[2]:

16
> def R=norp[1][1];
> setring R;
> normap;
normap[1]=y
normap [2]=x
> norid;
norid [1]=T(1)*y-T(1)-T(3)*x
norid [2]=T(3)*y-T(4)*x
norid [3]1=T(1)*x~2+T(2) *x~3-T(4) *y+T (4)
norid[4]=-T(1)*x"2+y~2-y
norid[5]=-T(2) *y+x~4
norid[6]=T(1)"2-T(4)
norid [7]1=T(1)*T(2)-y*x"2+x"2
norid[8]=T(2) "2+T(3) -T(4) *x+y*x-x
norid[9]=T (1) *T(3)-T(1)*x-T(2)*x"2
norid[10]=T(2)*T(3) -y~ 2*x-y*x-X
norid[11]1=T(3) "2-T (1) *xy+T(1)+T(2) *x-x"5
norid[12]1=T(1)*T(4)-T(1)*y-x"5
norid[13]=T(2)*T(4)-y"3-y~2-y
norid[14]=T(3)*T(4)-T(4) *x-y*x"4+x"4
norid[15]1=T(4) "2-T(2)*x"3-T(4) -y 2*x"3+y*x"~3-y ~2+y
norid[16]=y"6-x"11-y 3*x"4+y~2%x"4-y"3
> option(redSB);
> ideal j=std(morid);j;
jl1]1=y~6-x"11-y"3*x"4+y~2*x"4-y~3
j[21=T(4) *y~2-T(4) *y-x"T7-y 3+y~2
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j[31=T(4)*x~4-y~4-y~3-y~2
j[41=T(3)*y-T(4)*x
j[6]1=T(3)*x"3-y 3~y 2-y
j[6]1=T(2)*y-x"4

J [71=T(2) *X‘3-T(4)*y+T(4)+y’2—y
FI81=T(1)*y-T(1)-T(3)*x
FL91=T (1) *x"2-y~2+y
j[10]=T(4) "2-T(4) xy-y~2%x"3+y*x"3
jI111=T(3)*T(4)-T(4) *x-y*x"4+x"4
j[12]=T(2)*T(4)-y"3-y~2-y
j[131=T(1)*T(4)-T(1)-T(3)*x-x"5
j[141=T(3) "2+T(2) *x-T(3) *x-x"5
j[15]=T(2)*T(3) -y~ 2*x-y*x-X
JIL61=T(1)*T(3)-T(1)*x-T(2)*x"2
JI171=T(2) "2+T(3) -T (4) *x+y*x-x
j[181=T(1)*T(2)-y*x"2+x"2
j[191=T(1)"2-T(4)

> ring r=5,(y,x),wp(11,6);
> ideal i=(y~2-y) 3-y*x"4*(y~2-y)-x"11;
> list norp=normalP(i,"withRing","noRed");
> norp;
[1]:
[1]:
//  characteristic : 5
// number of vars : 6

// block 1 : ordering dp
// : names T(1) T(2) T(3) T(4)
// block 2 : ordering wp
// : names y x
// : weights 11 6
// block 3 : ordering C
[2]:
[1]:

_[1]1=x11+y3x4+y5-y2x4-2y4+y3
_[21=y3x6-y2x6
_[3]1=yx10
_[4]1=y2x9
_[5]=y4x2-y3x2
[3]:
[1]:
16
[2]:
16
> def R=norpl[1][1];
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// ** redefining R *x*

> setring R;

> normap;

normap[1]=y

normap [2]=x

> norid;

norid[1]=T(3)*y-T(4)*x
norid[2]=-T(1)*y+T(1)+T(3)*x+x"2

norid [3]=T(2)*x~3-T(4) *xy+T(4)
norid[4]=-T(1)*x"2+y~2-y

norid [5]=T(1)*y*x~2-T(1)*x"2-T(2)*y-T(3)*x"3
norid[6]=T(1)"2-T(4)-y

norid [7]=T (1) *T(2)-y*x"2+x"2
norid[8]=T(2) "2+T(3)-T(4)*x

norid [9]=T(1)*T(3)-T(2)*x"2
norid[10]=T(2)*T(3) +T (2) *x-y " 2*x+2*y*x—X
norid[11]=T(3) "2+T (2) *x+T(3) *x-x"5
norid[12]=T(1)*T(4)-x"5
norid[13]=T(2)*T(4)-T(3)*x"3
norid[14]1=T(3)*T(4)+T(3) *y-y*x"4+x"4
norid[15]=T(4) "2+T(2) *x"3+T (4) -y~ 2*x"3+y*x"3
norid[16]=y~6-x"11-y~3%x"4+2xy 5+y~2%x"4-2%y 4-y"3
> option(redSB);

> ideal j=std(morid);j;
j[1]=y~6-x"11-y " 3*x"4+2%y " 5+y~24x"4-2%y~4-y~3
j[21=T(4)*y~2-T(4)*y-x"7

F[3]1=T(4)*x"4-y 4+y*x"4+2%y~3-y~2
j[4]1=T(3)*y-T(4)*x
j[6]1=T(3)*x"3-y " 3+x"4+2%y~ 2~y
j[6]1=T(2)*y-x"4

3 [71=T(2) *x"3-T (4) *y+T (4)
j[81=T(1)*y-T(1)-T(3)*x-x"2
jI91=T(1)*x"2-y"2+y
j[101=T(4) "2+T(4) xy-y~2*x"3+y*x"3
j[111=T(3)*T(4)+T (4) *x-y*x"4+x"4
j[12]=T(2) *T (4) -y~ 3+x"4+2*y~2-y

3 [131=T(1)*T(4)-x"5
j[141=T(3) "2+T(2) *x+T(3) *x-x"5
j[16]=T(2)*T(3)+T(2) *x-y ~ 2*x+2*y*x-X
j[16]=T(1)*T(3)-T(2)*x"2

JI171=T(2) "2+T(3)-T(4) *x
j[181=T(1)*T(2)-y*x"2+x"2
§[19]1=T(1)"2-T(4)-y

with different fractions but of weights 10,13,15,20, as expected.

> ring r=7,(y,x),wp(11,6);
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> ideal i=(y"2-y) 3-y*x"4*(y~2-y)-x"11;
> list norp=normalP(i,"withRing","noRed");

seems to be too hard for it.
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