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Abstract

This paper gives a module form for integral closures, which has a predictable,
canonical form of Grobner basis relative to a grevlez-over-weight monomial order
defined here.
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1 Introduction

Quotient rings Q = F|z,, ..., z1|/I, viewed as affine algebras or affine rings,
are modules with a multiplication, yet the descriptions given are often not of
this form. If zq, ..., 2, € Q are independent variables in @, P := Fz,, ..., z1],

and (yo := 1,¥1,--.,Ym—1) is a P-module basis for @), then

Q= Plym-1,--»9l/I =F[Ym-1,---,Y1;Tn,--.,21]/1

with most (if not all) of the basis elements of I of the form y;y; — NF (y;y;, 1),
and NF(yiy;, 1) = Xk pi,jkYx for some structure constants p; ;i € P.

The Bose-Mesner algebra of association scheme theory could be viewed as an
example of this with n = 0 in that

Q:=1Z[Ay, ..., A1l/1, I = <AiAj =Y pijkAr:1<4,5<d
%

lane curves such as the lein wartic@Q :=F [y,z]/y 2z y =z are not
usually given in the ¢ pe form (Q =F [ ,y]/ Y y ) used to describe
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the corresponding one-point codes. The former is integrally closed, but
has module form

i (Q)=Q=Fly,yuz]/l, 1= yy—y,ypn—(nz, 1),y —(y 2, nhz);

whereas the latter is not, as

i Q)=Fly,ys=]/l, I'= y,—yz, ym—( z),y —(y  wnz) .

oreover, the pseudoweight function of the latter, ( , ; ), is a weight function,
while that of the former, ( , ; ), is not.

The goal of this paper is to start with P := F[z,,...,z;], a multivariate
polynomial ring in n independent variables with the gre le order; and extend
it recursively using simple integral e tensions, each followed by a computation
of its integral closure in module form, and possibly a in¢ ¢ ation produced by
a change of independent variables. t each step, the new eig t-o er-gre le

or gre le -0 er- eig t monomial order will be compatible with the old one;
and t pe extensions allow for compatible weight function extensions as well.

The application of interest to the author is to one-point codes, possi-
bly from surfaces as well as curves ( eonard and elli aan , 00 ), in that
this procedure produces the correct module form of the de ning generator
and or parity-chec functions. ut this approach should in uence thin ing
about what symbolic manipulation pac ages should view as an appropriate
form for integral closures in particular, and other a ne algebras generated by

blac box functions in general. It should also suggest that basic robner
basis algorithms be written relative to either grevlex-over-weight or weight-
over-grevlex orders, rather than ust the standard grevlex order. It should also
suggest that product orderings could be generali ed as well, when the variables
in the parts are not completely independent of one another, and that module
orderings (Term- ver- osition and osition- ver-Term) can be generali ed
when positions and terms are not independent of each other in the monomial
ordering.

ot tion

In general,a onic polynomial ( )€ [ ]de nesasimple integral e tension

= [z]/ (z) , with z being called integral over . The ring of all elements
of the form / with € | € | integral over |, is called the integral closure
i () (inits eld of fractions). is called integrall closedi 1 ( )=

(global) ono ial order on Flz, ..., z1] is de ned by a non-singular
matrix over in that z— r—1 - . The standard



gre le order is de ned by the (0,1) matrix  * with ., = 11
1<i j< 1

§—n 0 n
n s§—n 0

for  a non-singular diagonal matrix, de ne respectively gre le -0 er- eig t
and eig t-o er-gre le orders. In either case, de ne the pseudo eig t of the
monomial z— by

p (z):= no_,

et Qs := F|xz, ..., z1]/Is have one of these types of orders, with the variables

indexed so that the ideals I; := I, F|xj,...,x;] satisfying I I, =

= I, = 0 . The variables z,,...,x; will be called independent and the
others dependent.

Thin of this by starting with P := F[x,,..., 2], a polynomial ring in the n
independent variables, and let @ := Flyy,_1,...,Y1;Zn,.-.,21]/] be an in-
tegrally closed extension (with = 0 corresponding to P = @), having
P-module basis (yo := 1,y1,.-.,Ym—1)- I naturally de nes a pseudoweight
satisfyingp ( )=p (NF( ,I)).( or us, theimportant implication of hav-
ing a pseudo eig t unctionisthatifp ( )=p ( )then thereexists € F
and ,de€e @ ( — )=dandp () p () p (d);and a eigt
unction is a pseudo eig t unction for which = 1.)

et ()=Y¢%, 1 “*€Q[],a onicirreducible polynomial, describe
a simple integral e tension := Q[z]/ (z) . has a standard P-module
basis = 2'y;: 0<i d, 0<j . xtend the order to an order
on in such a way that () = 2% If the pseudo eig t gives a eig t
unction on () and the extension order gives a weight function on  with
p (=p (a4 p (r2%F)foro d, then is said to be of ¢ pe
meaning that the weight function on  should extend to one on i ( ).

uppose that € P satis es i () ~1 . ( reasonable choice for

can be computed using minors of a acobian.) Then ! | has P-module

basis ! ;soitis ob jousto con ecture that ¢ ( ) has a similar type of basis
( 7';:0<i d,0<j ) with (iy) = zz;2"y; for some z7; € P.

ot only is this immediately obvious , it is patently false , as will be seen
from the rst small example below. evertheless, since it is almost true, it
is possible to use this module viewpoint to propose a representation of
integral closures with a predictable form for the relations in the induced ideal.
hat is possible is to write 7 ( ) as a P-module with some basis ( o :=
]_, Ty-nns 5_1)6 -1 ,andi( ):F[ S—ly ==y 1,$n,,$1]/TW1thT



having robner basis with most elements of the form ; ;—NF( ; ;,I)and
the rest of the form P y( 4, ;)= NF( P y( 4 ;),I).

ny good algorithm for computing the integral closure ¢ ( ) as described
above, should produce, as output,

(1) the minimal € P such that ¢ ( ) ;

()aring :=F] s1,..., 1;%n,..., 21| with a generali ed grevlex mono-
mial order (such as the grevlex-over-weight or weight-over-grevlex orders
de ned above) that properly di erentiates between dependent and inde-
pendent variables and is compatible with that of ;

() an ideal T of induced relations, so that i ( )= /I;

( ) an embedding : i ();

( ) an embedding :7 ( )

ote that the implementation ntegral losure in ( , 00 ) wor s only
for n = 1 independent variable, produces a P-module basis as a subset of ~! |
meaning is implicit, the , I, and are not given, and is unnecessary. ut
the real problem is that any existing monomial order is ignored. nd note that
the implementation nor al ( reuel and  ster, 00 ) in ( reuel,
ster, and choenemann, 00 ), which does wor for arbitrary n, does not
necessarily produce restricted to P, does give , I (called norid), (called
nor ap), but no , ma ing it extremely di cult to gure out what the new
variables are in terms of , especially since the grevlex ordering used on
ma, es the new variables less important than even the independent variables of
gain any pre-existing monomial order is ignored. nd there is no attempt

to produce a odule basis.

The elementary closure algorithm (written in ) used to produce (the
uneditted form of) the output in the examples in this paper can be found at

onsider the following example, beginning with P := F [z ,z;] (with the

gre le order). The monic polynomial ( ):= zxy (rx xx)can
be used to de ne a ¢t pe integral e tension @ := Ply]/ (y) with grevlex-
100

over-weight monomial order de ned by



s a P-module, @ has standard P-module basis (1,y,y ). @ happens not to be

integrall closed, since — —  (z 1 1z z,) = 0. The integral clo-
sure i (Q) is, in fact a subset of ~'@Q for := z x;, which also has a P-module
basis ( ~!4°, ~'y!, ~ly ). o the obvious con ecture is that 7 (Q) will have a

P-module basis of the form (yo :=1,y1,¥ ) = ( 7" 00(%), " 10(%), ~* o))
withd ( ;0(y)) =4. Theni (Q) can be written in the form F [y , y1;2 ,24]/1
fory: :=y,y =y /(z 1), and I the ideal of induced realtions describing the
polynomial multiplication ignored when viewing i (Q)) as a P-module, in that
I=vy wyxzx,yy w1 21 xx,y Yy wi(r x1) corresponds
to

NF(y, ) = 01 0y () y,

NFy wp)=(xz =zz) 1 1 0y,

NFy y)= 01 (z =) wn L y.
owlet ( ):= (y yi)z Dxy (y(xax 1) yi(zx 1))z x1de ne
a further integral extension :=1i (Q)[z]/ (z) . has a standard P-module

basis (2%yo, 2°y1, 2%y , 2'yo, 2'y1, 2"y , % Yo,z 1,2 y ). gain  happens not to
be integrally closed. ut this time, not only is the con ectured form of the P-
module basis for i () wrong, it doesn t even have the same si e P-module

basis as . P-module basis is given by:
0,0 -— Yo;
1, ‘=Y
1 =Y
1,1 = 2Yo;
, 1= 2Y1;
1  ,0 = 2NT RY  ZYo;
1,1:=2Y;

o=z ylzr, Tz, 31 T2, TIT 1)
zy(xz 1) zwy(r 1)
Co=zypr Tz oz oz oxm) zy(za za om

zylzzy zxy xzm 23T 2 1)

1 =zy(zz x) zyles z) zylrx, zz T, 1)
for :=(x z)(x 1z (zy 1)z,. The integral closure is then of the form
i()=P[ o 1 11 L, as1as 1, 1,5 L, o/

with T the ideal of induced relations most of the form ; ;—NF( ; ;,I) except
for the rst, of the form P y( o, ,1)—=NF( P y( .o,  1),1):

1)









ote that it doesn t help to view  directly as an integral extension over P.
ince

v ) @ wa =0,
A=zz zz, 2z 1, =z VD@ z)o(@ 1),
)=z zA@z 1)z 2z @ 1
c(Azz, (¢ Va) 24 (@ Dz, o

de nes = P[z]/ (z) asa simple integral extension over P. Then i ( ) will
still have a P-module basis with 10 elements instead of , but each of the form

plz]/ for
= (z z)(x Dz(xy 1)z

=zt z(r; 1) a1 2ta(z, v 1) z2tz(z 1)

Py (x; 1) zax(zy 1) 2 zao(z 1) z(x 1)

with p(z) € P|z].



odu it or

or et P := F[z,,...,x1] be a polynomial ring in n (independent)
variables over the eld F. et

Q= Plym—1,- -, 0l/I =FlYm_1,. .., Y1; Tny ..., 11 /1

be an integrall closed extension of P (with () = P corresponding to the case
= 1), with grevlex-over-weight monomial order de ned by the matrix

et ()€ Q[ |bea monic, irreducible polynomial (of some degree d) de ne

an integral e tension := Q[z]/ (z) , which may or may not be integrally
closed, with grevlex-over-weight monomial order an extension of that on @
so that ( )=2% ( arning: polynomial irreducible over ) may not be

irreducible over i (Q).)

uppose that € P satis es i() ~l . ince can be viewed as
a P-module with standard basis = ( jm j:=2"y; : 0<1 d,0<j )
(with yo := 1), and ~' | with basis ~' i ( ) will have some P-module
basis 0= ]_, 1y---3 s—1 -1 .

oi( )=F[ s1,---, 1;Tn,---,z1]/T with T having basis  with elements

i ]—NF( i ],7) for all i,j, and P y( ) ])—NF( P y( ) J),T)
when P( ;)= P( ;),with P( ;) denoting the leading monomial of ; if
Q is viewed over P.

roo  ; ;= YDijk k= NF( ; ;,I)forsome structure constantsp; ;i €
P, since 7 () is a ring as well as a P-module. ny other elements in a
robner basis for ¢ () must be P-linear combinations of the s. ince

P y( i j)=%kdijr x=NF( P y( 4 j;),I),when P( ;)= P( ),
there will be some additional minimal P-linear combinations of the form

P oy( i ;) —NF( P y( 4 j)I),with P( ;)= P( ;).

Int r co ur orit

Integral closure algorithms are based on some version of

i) =

for some | not necessarily in P. ost are based on nding an increasing
se uence of rings

= o = 1=i()



with the elements in ; ; of the form ;/d;for ;€ ;andd; d; .The th
power algorithm ( eonard and elli aan, 00 ) on the other hand is based
on nding a se uence of P-modules

o= = 1=1i()

with ;, ;= 1 € ;:NF( “'))e€ ;. (This wor s best when
all the coe cients involved are in F | since it is then a linear algorithm with
ma or cost in computing the s involved. In characteristic 0 a non-linear
second power algorithm version could be developed.)

ut other than choosing € P it is not so important which type of algorithm
is used. hat is more important is choosing to nd a module basis. nd
secondarily, the monomial order of the base ring should extend to the integral
closure. The algorithm on the website is, however, based on the th-power
algorithm.

In the example given, the function of ( reuel and
ster, 00 ) produces

W=z (=un )=y, ()=, ()=mn

zyp xry x 2y Tz 1 2z xTx x(r, x) T,
() wE 1) y@ Vg zz zz 31 2 =

zyr rxy T (T xy) Iy

ZYy TIT TT, TIT I
z zxy z(ry z z) z(x;, z; ) 3y

( () 2y1 2y(xz 1) 202 zxy =z
yx zx1 mm) 221 o (x; ) z(x;, =) 2z (xy x1) 3y):=
zyr vy 1w
zy zx =z (r, x) 2
z zxy x (v, x z) z(x, = 1) 3y
oz (@) z(z o) z(z ) z(z )
2y z(zy ) 2y =) (3 )
zx(r;y =) z(z, x) z(z, =z,
(() z2y1 zy(x 1) 20z zx1 = a1 1)

yi(z zx 2z zx 1) y@ xzx¢ x 21 1)



zxy z(xry, z) z(x, z) z(x 1) z =z 1):=
zyp z (z; =) x(zy 2 1) z; =z x4
zy xxy w; x 1
z z(r;, m) zz =z (xr, =z) =z 1 1
o x (o o) w(m owm) oz =m) (s n)
zy x(ry x) z(z o) z(z )
z (@ =) z(r x1) z(r )
though the last are not given explicitly, and the rst are only given ex-
plicitly in that the embedding map from maps 2, y;, ¥ , £ , and z; onto
(1), (), (), (),and () respectively. The robner basis elements
are an unpredictable mess, since the order is grevlex on ( (1),..., ()). ur

suggested form would be i ( )=F [2,2,2,2,2,2,2,2 ,21;7 ,21]/I with
pseudoweight function given by the weight matrix

and order gotten by completing this to a grevlex-over-weight order.

ini 1 tion

iven that this procedure preserves the recursively generated monomial order,
it is sometimes possible to minimi e the resulting module basis if  (z;) is
entrywise less than or e ual to  (z;) for some 7 and j, by replacing z; by z;.
and recomputing a basis. s an example, consider

11
Q:=P:=F[z,n],p (Q):=

10

():= T X O2 z,

=Qkl/ (2).p ()=
0
i()=Fz,z,z52,2]/T,p (i())=
1 0

11



I=2 zz13,220 22 2,2 2 T,
zZ 21 Tr X1, 2 2 21, % zZ T T
=T X, &2 =2 T, 2 O=RT, 2 =2

(z)=(,) (@)=(, )2 =2 z,a=z22

=T Ty, 21 =2 Zr 1, T ==Z X, T]:=21

(z1, 2, 7)) )=(2 zzxay, 22, 21 )

This is an especially important step in some applications where the original

ring is described in terms of variables which are not necessarily those of most

interest in the nal ring. otice, as warned earlier, that ( ) irreducible over
factors in the integral closure as

()= =@ @) 7z 1m),

with one factor re ecting the minimal representation.

ini 1 tion inon r ri

ven in one free variable, the minimi ation procedure may be important. on-
sider the type I modular curve example from ( eonard , 000) in characteristic
generated by:

There is an F [y |- module basis (o, Y10, Y11, Y1 s ¥1 ,¥1 ,¥1 ) for the closure,
necessarily with elements, and the ideal has robner basis:



The si e and complexity of

ma es most computations in unfeasible, at least with a
storage ceiling. , on the other hand, almost immediately produces a
module basis with 1 elements:









with respective weights

Y Y ]‘7 Y Y ? j’l .7 0'

It is straightforward, but tedious, to produce the aforementioned basis of
elements from this. (If this reduction is not immediately clear, see ( atsumoto,
1 ).) It is much harder to produce the corresponding ideal, since, among
other things, thin s this should be an F [y ;|- module computation,
not an F [y |- module one.

ro o ition inimi ing, as described above, induces an ordering which can
be scaled to e ual a grevlex-over-weight monomial ordering for the minimi a-



tion.

roo If y is integral over F[z,,..., x| then

p (v =ZP (zi) &, =0.

nd if z; is integral over F|z,,...,%; 1,Y,Tj_1,...,21] then
p (x) =p (yd Y p (z)d, =0.
ii g
0
p (@) —dj)=>p @)(d di).
ii g
ut , = 0 means d, ; = 0 as well. ince the z; s are independent, d;, =
0= ;fori=j5and =d; op (y)isa rational multiple of p (z;),

which is su cient to de ne a pseudoweight on the minimi ation. cale this by
multiplying p  (y) by d and p (z;) by for all ¢ = j. Then scale the other
dependent pseudoweights accordingly; and nally divide all entries by their
greatest common divisor. inally, reorder the dependent variables by their
pseudoweights, followed by the independent variables.
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