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1 Introduction

The notation and AG code description were set up in the author’s previous
chapter in this volume. While syndrome decoding of RS codes dates back
at least to the 60’s, the syndrome decoding of AG codes should be viewed
in terms of Sakata’s generalization of the Berlekamp-Massey algorithm (see
his chapters of this volume) and Feng and Rao’s majority voting scheme [2]
to decode up to the designed minimum distance.

Sudan popularized list-decoding, but the important follow-up papers are
[3] (for a much more readable introduction to Sudan’s ideas), and [8], [9],
and [1] for three differently flavored views on implementing these ideas.

2 Functional decoding of RS codes and AG codes
using syndromes and error-locator ideals

Moving from RS codes to AG codes means moving theoretically from uni-
variate polynomial rings to multivariate polynomial rings. In univariate
polynomial rings all ideals are principal (that is, have a single generator),
so finding generators for the error-locator ideals is equivalent to finding a
single error-locator polynomial. The generalization to multivariate polyno-
mial rings is to finding Grébner bases for the error-locator ideals, that is
ideal bases with leading monomials that divide leading monomials of any
elements in the ideal.

Syndrome decoding algorithms recursively compute such Grébner bases
that are consistent with the initial part of the sequence of syndromes; that
is, ZZ:O 0;8i+; = 0. If there is an error of smallest weight ¢ < e, then the
A-set produced by such algorithms will have size t, and the variety of the
ideal will also have size t.

Let Fyu := Fa[y]/(1 + v+ ~%). Consider the example syndrome vector
(consisting of functions eEval’ = rEval® of the supposed error e of weight
t at most 3:

s:=(0 41 41 42 413 A1)



relative to the underlying functions (:17Z : 0 < ¢ <5), which is a shiftable
shorthand for the (backshifted or Hankel) syndrome matrix

0 Al Al 42 418 4l
SRR
S := EvalA(r)Eval® = v T 7 v
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with (i,j)-th entry clearly of the form Y, z'(P)r(P)z’(P). (In matrix ter-
minology, an error-locator polynomial corresponds to a linear dependence
o among the rows of S; which can be gotten (inefficiently) by simple row-
reduction techniques.

The Berlekamp-Massey algorithm, the extended Euclidean algorithm, or
even the standard matrix row-reduction will produce recursively at least the
sequence 1+ 0z, ¥* +x + 22, and o(x) := v* + vz + 722 + 23, consistent
with initial parts of the total sequence of syndromes, with the former two
being more efficient, in that they take advantage of the back-shifted nature
of the matrix to avoid recalculating intermediate results.

The factorization o(z) = (x + %) (z + v')(z + +3) gives the variety
{7°, 41,43} of error positions from which various other algorithms can be
used to produce the error magnitudes.

Consider an example for the Hermitian code with affine definition given
by the single generator f := z3+xo—2 having 1+16+2-61/16 = 65 > 1+16
projective points (equal to the Hasse-Weil bound) rational over Fi5, and
genus g = 6.

Since f4 := x1 has pole order 4 and f5 := x5, pole order 5 at the projec-
tive point P, := (1 : 0 : 0) at which these rational functions have all their
poles, there are functions of the form fsi5 j‘* of every pole order other than
the g = 6 values 1,2,3,6,7,11.

L(m- Py) is given by an Fa[f4]-module basis (1, fs, f2, f2), and the curve
X is defined by the quotient ring

Q:=Ffs, ful/T, T:={fs+ fi + [5)

with the monomial order a weighted total-degree order relative to the weights
(5,4), the pole orders of the variables.

Consider the original example Feng and Rao [2] used to exemplify ma-
jority voting to determine extra syndromes (also used by this author [4] to
introduce the idea of an error-locator ideal and the computation of a basis
for same). The syndrome “vector” (now a 2-dimensional array, given that



there are two variables involved)
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is a shorthand (shiftable in both directions) for the (almost backshifted)
syndrome matrix S := FvalA(r)Evall = EvalA(e)Eval® :
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with (4i+k,4j+1)-th entry clearly of the form 3 p f5(P) fi=%(P)r(P) f5(P)! i_l(P).

The algorithm producing the following computations of pairs, (>, o¢nh, > ), ofnSh),
is simply a multi-dimensional row-reduction and shifting algorithm, a ver-
sion of the Berlekamp-Massey-Sakata algorithm discussed elsewhere in this



volume:
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The minimal, (unreduced) Grébner basis for the error-locator ideal Z can
be read off from the left-hand side entries, with corresponding right-hand
side zero as:

fsfat fi+ s+ fo, B+ fsfat v i+ s+  fas £+ FA 7 5+

relative to the implicit weighted total-degree order induced by the pole orders.
This is consistent with the syndromes computed from the received word
(or those computed, given the extra assumption that the error weight and
hence the rank of S is at most 6) in the sense that >, o s, = 0 for each
of =Y, 0fnph in the basis.

A factored lex basis

fa(fa+ DA+ D1 (fat1) - (fs+ fa), 1-(fF+7 s+ f1 +7*fa)

can be used to find the variety (of error positions) P; with

(f5(Pj)7f4(Pj)) € {(070)7 (7’1)7 (’77/77)7 ('7147'714)7 (7137713)7 (’711,’711)},

{77, 7", 413,41} being the set of roots of z* 4 23 4 1.
The following similar example in the handbook [7] is originally due to
Sakata: The syndrome “vector” is

N0 A A 4T 42 a5 0

0 % A4 412 45 45
Y 72 7141 07 412
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with S =
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The row-reduction computations are:
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so a minimal, reduced Grobner basis for the error-locator ideal 7 is

T2 fs fatn™ fs ™ bty s 4 fs b F A fo b fatr, £yt st

A factored lex basis is

L-(f40) (Fa+) (Fa+D) Fatr) Fa ) (D) (™), (9" f2+1)-1

and the variety (of error positions) is

(L), (17, (A%, (P97, (3,77, (%), (M AP).



3 Interpolation to do list decoding for RS codes
and AG codes

Sudan was first to suggest list decoding of a k-dimensional functionally-
encoded RS code, by treating r and x as having weights £ — 1 and 1, respec-
tively, in the polynomial ring F[r, x|, interpolating the received pairs (r;, z;),
and finding factors (linear in the variable r) of some resulting polynomial.
For an example of such, consider the received word:

r=("0,7%9,0,7,7%,7%,79,7%, 710 42, 41 1,43, 47)

indexed by the elements of F1g := Fa[y]/(1 4+ v+ v%):
= (1,75 9%,9% 940,78 472 % 0 A A1 R, 41, 0)

for a functionally-encoded RS code with & = 4 (and n = 16). The MAGMA
code

F16<c>:=FiniteField(16);

P<r,x>:=PolynomialRing(F16,2, "weight", [3,1,3,0]);

R:=[c"14,0 ,c"6,c"11,0 ,c"1,¢c"3,c¢"6,c"10,¢"6,c~10,c"2 ,c"11,¢c"0 ,c"3 ,c"2];
X:=[c"0 ,c¢"1,c"2,¢"3 ,c"4,c"5,¢"6,c"7,¢c"8 ,c”9,c"10,c"11,¢"12,c~13,c~14,0];
L<u,t>:=PolynomialRing(F16,2,"grevlex");

hpl:=function(i) return hom<P->L|R[i]+u,X[i]+t>; end function;
hlp:=function(i) return hom<L->P|u-R[i],t-X[i]>; end function;
tt:=function(f) return TrailingTerm(f); end function;

£_0_0:=(P!1)Chpl(1);0,0,1,tt(£_0_0);
£_0_1:=(£_0_0*t)@hlp(1)Chpl(2);0,1,2,tt(£_0_1);
£_0_2:=(f_0_1%t)@hlp(2)Chpl(3);0,2,3,tt(£_0_2);
£_0_3:=(f_0_2%t)@hlp(3)Chpl(4);0,3,4,tt(£_0_3);
£_1_0:=((((£_0_0%u)@hlp(1)@hpl(2)-c~14/c"4*f_0_1)Chlp(2)@hpl (3)
-c"13/c"13%f_0_2)Chlp(3)@hpl (4)-c~3/c"14*f_0_3)Chlp(4)Chpl(5);
1,0,5,tt(£.1.0);
£_0_4:=((£_0_3%t)Chlp(4)@hpl(5)-c~3/c~2xf_1_0)Chlp(5)Chpl(6);
0,4,6,tt(£_0_4);
£_1_1:=((£_1_0%t)Chlp(5)Chpl(6)-c~13/c"5*f_0_4)Chlp(6)Chpl(7);
1,1,7,86(£.1_1);

£_0_5:=((£_0_4%t)Chlp(6)Chpl (7)-c~10/c*f_1_1)Chlp(7)@hpl(8);
0,5,8,tt(£_0_5);

£_1_2:=((£_1_1%t)@hlp(7)@hpl (8)-c"3/c*f_0_5)Chlp(8)Chpl(9);
1,2,9,tt(£_1_2);

£_0_6:=((£_0_5%t)Chlp(8)@hpl (9)-c"13/c~14*f_1_2)Chlp(9)Chpl(10);
0,6,10,tt(£_0_6);

£_1_3:=((£_1_2%t)Chlp(9)@hpl (10)-1/c~8%f_0_6)Chlp(10)Qhpl(16);
1,3,16,tt(£_1_3);

£_2_0:=(((((((f_1_0%u)@hlp(5)Chpl (6)-c"6/c 5+f_0_4)@hlp(6)Chpl (7)
-c”11/c*f_1_1)@hlp(7)@hpl(8)-c~7/c*f_0_5)@hlp(8)@hpl(9)
-c"9/c”14xf_1_2)@hlp(9)@hpl(10)-c/c"8*f_0_6)Chlp(10)Chpl (16)
-c"3/c~3*%f_1_3)@hlp(16);2,0,Factorization(f_2_0);
£_0_7:=(£_0_6*t)@hlp(10)@hpl(11);0,7,11,tt(£_0_7);
f_1_4:=(f_1_3*t)@hlp(16);1,4,Factorization(f_1_4);
£_0_8:=(£_0_7*t)@hlp(11)@hpl(12);0,8,12,tt(£_0_8);
£_0_9:=(£_0_8*t)@hlp(12)@hpl(13);0,9,13,tt(£_0_9);
£_0_10:=(£_0_9*t)@hlp(13)@hpl(14);0,10,14,tt(£_0_10);
£_0_11:=(£_0_10%t)@hlp(14)@hpl(15);0,11,15,tt(£_0_11);
£_0_12:=((£f_0_11%t)@hlp(15)@hpl (16)-c"5/c~3*f_1_3)Chpl(16);
0,12;

produces output (slightly edited for readability)

foo= r2erad + a0+l 0ra? 42t Srat e tat + ST a7 z4c%;

f1,4 = T‘IL‘4—|—Cl4337—|—6137‘1‘3—|—C2336+C2T’£L'2+Clo$5+612Tl'+633;‘4+613333+62$2—I—l‘;

f0712 =zt —i—m: +02 11+c rT +c5 10+cgrac6+c7x9+cmc5+c12x8+c4m;4



—1—011:177 + e + craz? + 2a? + c'rx + Szt + 2y + Sx? + o

with weighted total degrees 6, 7, and 12 respectively. These form a Grobner
basis for the interpolating ideal. And any message with codeword at most 4
errors away from the received word must be a common root of the first two.
Indeed,

foo = (r+ a3 4 Sa? + "o+ ) (r + Mad 4 o’ + o+ P)
fia=z@+ &)@+ + )+ M + T2 a4 P

with common root M (z) = y143 + 722 + 44z + v3; which interpolates all
the pairs except possibly the four with x € {y3,7*,+%,0}. In general, it is
necessary to use interpolation to some depth s greater than 1 to get lists of
such messages that can correspond to nearest codewords, allowing decoding
beyond the standard minimum distance bound e < d/2.

To generalize this to AG codes, as first suggested by Sudan and Gu-
ruswami, let (fo, fy, ..., fm) be a canonical vector-space basis (of size k) for
L(m- Px,) with increasing pole sizes 0, p, ..., m at Py (and for m > 2(g—1),
this means m + 1 = k + g). It may be possible to directly recover a message
M = 3 ;m;f; from the received word r = (r1,...,7,) by interpolation
techniques. First extend the weighted total-degree ordering on L£(m - Ps)

. . — A . .
given by the matrix A to A := <1nTL 0> to extend it to an extra variable r

representing the received word.

Since these f have all their poles at P,,, the Laurent series at points
P; # P, must be just power series. So map 7 +— r(P;) + u and each
f € L(m - Py) to its power series expansion, truncated to t;,i < s at
Pj. Depth-s interpolation means finding functions with images having total
degree (in u and t;) at least s.

If M(fm,...,fo)is encoded as a codeword ¢ at distance at most e from
the received word r and H(M (fm, ..., fo), fms---, fo) € L(((n —e)s — 1) -
Py), then H(M(fm,---,f0), fm,---»fo) is a rational function with fewer
than (n — e)s poles but at least that many zeros. But that means that
H(M(fmy--‘7f0)7fma---7f0) =0, 507 — M(fmy--‘7f0)‘H(rvfma---7f0)’
Thus any M that encodes to a word at most e errors away from r, will
correspond to a common linear factor » — M of all such H.

At each point P; there are (3451) “bad” trailing terms uitg, with i+ < s,
so a total A-set of size n(s'gl). The smallest element H(r, fp,, ..., fo) of the
interpolating Grobner basis will be a combination of the first 1 4 n(sgl)
monomials in the order described by A. There will be at least one such good
function H guaranteed, interpolating n — e of the n points, if interpolation
to depth s is done, and there are more monomials f € L(((n—e)s—1)- Py)
than n(sgl), the number of elements in the A-set. Simple combinatorial
arguments can be used to determine the depth s needed to correct e errors



using this method. And some lists will have more than one entry when
e > d/2, as in the example below with d = 4 and e = 2. (Initial papers
on list decoding spent far too much time on this combinatorial aspect of
the topic to the detriment of the more interesting interpolation and ideal-
theoretic aspects.)

Consider the example from Hgholdt and Nielsen [3] using the Hermitian
curve with ¢ = 2. This has 8 rational points P; := (x2(P;) : x1(F;) : 1) over
F, := Fy[a]/(1 + a + a?) other than P, := (1 :0:0). Let fo := 1 and
f3 := x5 to reflect the respective pole sizes at P,,. Consider the values:

LPH)] 0 0 1 1 a a o o
f3(P)] 0 1 a o® a o> a o
r(P) o 0 0 a2 0 0 0 0
aPy[ 0 0 0 00 0 0 0
ca(Pj)|a? o> a2 @*> 0 0 0 0

for My :=0 and My := ?(1 + fo + f2). A:= <

w
\]
N———
|2}
e}
|

4 3 2
=111 0
Lo 1 00
for m = 4.
For n = 8 and e = 2, the size of the A-set and the number of monomials
for various values of s are A(1) =8 > 6, A(2) =24 > 21, A(3) = 48 > 45,
A(4) = 80 > 78, A(5) = 120 = 120, and A(6) = 168 < 171. For instance
the standard monomials of weight less than 6 are fo, f2, f3, f2,7, f3f2, and
the others of weight less than 12 are

F3. 1 fo, f313, 7 fas fo,r £3, 72, faf3or fafo, a1 3,72 fo, fafasr fafa 2 fs.

So interpolating to depth 6 is guaranteed to produce at least 171-168=3
functions H(r, fs, f2) for list decoding.

The functions fo and f3 with pole orders 2 and 3 respectively at the
point Ps, at infinity, have series expansions fo = z1(P;) +t; and f3 =
zo(P) + Y2 o (x1(P))*t; + xl(P])t? + t;’)zz at each other point P;. But with
z1(P;) € Fy (so that z1(P;)* + 21(P;) = 0) and working mod t?, this
reduces to f3 = x9(Pj) + x1(Pj)*t; + t3. So map r to 7(P;) 4+ u as well, and
ask for functions with images having total degree (in u and t;) at least 6.
In this example there are 5 > 3 H(r, fs, f2)’s, all with common roots r = 0
and 7 = a?(1 + fo + f2), the two messages listed above.
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